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Example 4.1.6. Discuss the differentiability of f(x) = |x|.

Solution. For x0 > 0,

lim
�x!0

f(x0 +�x)� f(x0)

�x
= lim

�x!0

(x0 +�x)� x0
�x

= 1.

For x0 < 0,

lim
�x!0

f(x0 +�x)� f(x0)

�x
== lim

�x!0

�(x0 +�x)� (�x0)

�x
= �1.

For x0 = 0.

lim
�x!0+

f(0 +�x)� f(0)

�x
= lim

�x!0+

�x

�x
= 1.

lim
�x!0�

f(0 +�x)� f(0)

�x
= lim

�x!0�

��x

�x
= �1.

1 6= �1, so f is not differentiable at x = 0. So,

(|x|)0 =

8
>><

>>:

1 if x > 0,
undefined if x = 0.
�1 if x < 0,

⌅

4.2 Properties of derivatives

4.2.1 Differentiation and Continuity

Proposition 1. f(x) is differentiable at x = x0 =) f(x) is continuous at x = x0.

Proof. Suppose f 0(x0) = lim
x!x0

f(x)� f(x0)

x� x0
exists, then

lim
x!x0

(f(x)� f(x0)) = lim
x!x0

✓
f(x)� f(x0)

x� x0
· (x� x0)

◆

= lim
x!x0

f(x)� f(x0)

x� x0
· lim
x!x0

(x� x0)

= f 0(x0) · 0 = 0.

So, lim
x!x0

f(x) = lim
x!x0

(f(x) � f(x0)) + lim
x!x0

f(x0) = 0 + f(x0) = f(x0), that is, f(x) is

continuous at x0.
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The converse is not true. For example, let f(x) = |x|. It is not differentiable at x = 0 but is
continuous at x = 0.

Exercise 4.2.1. Let

f(x) =

(
x2 � 1, if x � 1

1� x, if x < 1

(a) Show that f(x) is continuous at x = 1.

(b) Show that f(x) is differentiable everywhere except x = 1, and

f 0(x) =

8
>><

>>:

2x, if x > 1

undefined, if x = 1

�1, if x < 1

4.2.2 Derivative and Arithmetic Operation

Theorem 2. If f(x) and g(x) are differentiable function, then

(1) Sum rule: (f + g)0(x) = f 0(x) + g0(x).

(2) Difference rule: (f � g)0(x) = f 0(x)� g0(x).

(3) Product rule: (fg)0(x) = f 0(x)g(x) + f(x)g0(x).

(4) Quotient rule:
✓
f

g

◆0
(x) =

f 0(x)g(x)� f(x)g0(x)

(g(x))2
.

Proof. (1)

(f + g)0(x) = lim
�x!0

(f + g)(x+�x)� (f + g)(x))

�x

= lim
�x!0

f(x+�x) + g(x+�x)� (f(x) + g(x))

�x

= lim
�x!0

f(x+�x)� f(x)

�x
+ lim

�x!0

g(x+�x)� g(x)

�x

= f 0(x) + g0(x).
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(3)

(fg)0(x) = lim
�x!0

f(x+�x)g(x+�x)� f(x)g(x)

�x

= lim
�x!0

f(x+�x)g(x+�x)�f(x+�x)g(x) + f(x+�x)g(x)� f(x)g(x)

�x

= lim
�x!0

f(x+�x)g(x+�x)� f(x+�x)g(x)

�x
+ lim

�x!0

f(x+�x)g(x)� f(x)g(x)

�x

= lim
�x!0

f(x+�x) · g(x+�x)� g(x)

�x
+ lim

�x!0

f(x+�x)� f(x)

�x
· g(x)

= lim
�x!0

f(x+�x) · lim
�x!0

g(x+�x)� g(x)

�x
+ lim

�x!0

f(x+�x)� f(x)

�x
· lim
�x!0

g(x)

= f(x)g0(x) + f 0(x)g(x).

Remark. Here we used:

g(x) is differentiable at x ) g(x) is continuous at x

so, lim
�x!0

f(x+�x) = f(x).

Exercise 4.2.2. Prove other rules using the first principle.

4.2.3 Derivative of Elementary Functions

Theorem 3 (Constant function).

f(x) = k ) f 0(x) = 0

Proof.

f 0(x) = lim
�x!0

f(x+�x)� f(x)

�x
= lim

�x!0

k � k

�x
= 0.

As a consequence, we have

(kf(x))0 = (k)0f(x) + kf 0(x) = kf 0(x), for any constant k.

i
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Remark. It can also be proved by the first principle.

Theorem 4 (The Power Rule).

(xa)0 = axa�1, whenever it is well-defined, a 2 R.

Proof. We will only prove the special case when n is an integer.
Recall

xn � yn = (x� y)(xn�1 + xn�2y + · · ·+ xyn�2 + yn�1).

So

(x+�x)n � xn = (x+�x� x)((x+�x)n�1 +(x+�x)n�2x+ · · ·+(x+�x)xn�2 + xn�1).

We have

lim
�x!0

(x+�x)n � xn

�x
= lim

�x!0
((x+�x)n�1 + (x+�x)n�2x+ · · ·+ (x+�x)xn�2 + xn�1)

= xn�1 + xn�2x+ · · ·xxn�2 + xn�1 = nxn�1.

Example 4.2.1.

(x3)0 = 3x2, x 2 R
(
p
x)0 =

1

2
x�

1
2 , x > 0. Caution: x can not be 0.

( 3
p
x)0 =

1

3
x�

2
3 , x 6= 0. Caution: x can be negative.

(x
3
2 )0 = 3

2x
1
2 , x > 0.

Theorem 5 (Exponential function and Logarithmic function).

(ex)0 = ex; (ax)0 = ax ln a, a > 0, a 6= 1, x 2 R.

(lnx)0 =
1

x
; (loga x)

0 =
1

x ln a
, a > 0, a 6= 1, x > 0.

Proof. (Optional!)
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(lnx)0 =
1

x
() lim

�x!0

ln(x+�x)� lnx

�x
=

1

x

() lim
�x!0

ln(1 + �x
x )

�x
x

= 1

() lim
y!0

ln(1 + y)
1
y = 1, ( let y = �x

x )

() lim
y!0

(1 + y)
1
y = e

() lim
z!+1

✓
1 +

1

z

◆z

= e, lim
z!�1

✓
1 +

1

z

◆z

= e, ( let z =
1

y
, definition of e)

(ex)0 = x () lim
�x!0

ex+�x � ex

�x
= ex

() lim
�x!0

e�x � 1

�x
= 1

() lim
y!0

y

ln(1 + y)
= 1, ( let y = e�x � 1)

() lim
y!0

ln(1 + y)

y
= 1

Example 4.2.2.

1. (
p
x+ 2x � 3 log2 x)

0 = (
p
x)0 + (2x)0 � 3(log2 x)

0 =
1

2
x�

1
2 + 2x ln 2� 3

x ln 2

2.
d

dx
(x2ex) =

d

dx
(x2) · ex + x2 · d

dx
(ex) = (2x+ x2)ex

3.
✓p

x

3x

◆0

ln
C lncabj lna b.to
C lab _bulb

n
0
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Quotient rule:
(
p
x)03x �

p
x(3x)0

(3x)2
=

1
2x

� 1
2 · 3x � x

1
2 · 3x ln 3

(3x)2
=

1
2x

� 1
2 � x

1
2 ln 3

3x

Product rule:
✓p

x ·
✓
1

3

◆x◆0
=

1

2
x�

1
2

✓
1

3

◆x

+ x
1
2

✓
1

3

◆x

ln
1

3
=

1
2x

� 1
2 � x

1
2 ln 3

3x

Exercise 4.2.3. Use two different methods to compute
✓
1� x2p

x

◆0
.

Example 4.2.3. Suppose f(x) and g(x) are differentiable. Given f(1) = 1, f 0(1) = 2,
g(1) = 3, g0(1) = 4. Find the value of

d

dx
(f(x)g(x))

at x = 1.

Solution. By the product rule

d

dx
(f(x)g(x)) = f 0(x)g(x) + f(x)g0(x).

At x = 1, the above is

f 0(1)g(1) + f(1)g0(1) = 2⇥ 3 + 1⇥ 4 = 10.

⌅

Example 4.2.4. Suppose f(x), g(x), h(x) are differentiable. Compute

d

dx
(f(x)g(x)h(x)) .

Solution.

d

dx
(f(x)g(x)h(x)) = (f(x)g(x))

d

dx
h(x) + h(x)

d

dx
(f(x)g(x))

= f(x)g(x)h0(x) + h(x)(f(x)
d

dx
g(x) + g(x)

d

dx
f(x))

= f(x)g(x)h0(x) + f(x)g0(x)h(x) + f 0(x)g(x)h(x).

⌅




